1. Definitions and remarks. A sequence of nontrivial subspaces {M i} of a Banach space X is a basis of subspaces for X if and only if for every x(EX, x can be uniquely written 00 (1.1) x = 23 Xi, Xi £ Mi. i If {Mi} is a basis of subspaces for X, then the linear operators defined by Ei(x)=Xi, where x= 23™ xit x¿£Af" form a sequence of orthogonal projections (E{ = E2; £¿£y = 0, i^j). If i?(£¿) denotes the range of £,-, then clearly i?(£¿) = M, and each x£X can be expressed 00 (1.2) x=YlEi(x). i
If the convergence in (1.2) is unconditional, we say that {R(E{)} is an unconditional basis of subspaces for X. If Ei is continuous for each i, we say the basis is a Schauder basis of subspaces.
Indeed, if {x,} is a basis (of vectors) for X and {/¿} the sequence of biorthogonal coefficient functionals, then the one-dimensional subspaces spanned by x¿, i= 1, 2, ■ ■ ■ , form a basis of subspaces for X and the induced projections, Ei(x) =/¿(x)x¡, are necessarily continuous.
We assume throughout this note that {Ei} is a sequence of continuous orthogonal projections and that X= [U^i R(E¡)], the linear closure of Ujl i R(E,). Thus all bases will be Schauder and in particular we will confine our attention to the unconditional Schauder bases of subspaces (u-bases) for X.
If Banach space there is an infinite-dimensional subspace with a conditional basis of vectors (i.e., a basis which is not unconditional). Let X be a weakly complete Banach space and let F be a subspace of X with a conditional basis {x"} ; let {£,-} be the induced sequence of projections. Y is weakly complete and it follows from [2, 4b, p . 60] and a well-known theorem of Orlicz (if Y is weakly complete every weakly unconditionally convergent series is unconditionally convergent) that U0 = Ui. Clearly {R(Ei)} is not a u-basis for F.
